Abstract: Present exploration discusses the combined effect of viscous dissipation and Joule heating on three dimensional flow and heat transfer of a Jeffrey nanofluid in the presence of nonlinear thermal radiation. Here the flow is generated over bidirectional stretching sheet in the presence of applied magnetic field by accounting thermophoresis and Brownian motion of nanoparticles. Suitable similarity transformations are employed to reduce the governing partial differential equations into coupled nonlinear ordinary differential equations. These nonlinear ordinary differential equations are solved numerically by using the Runge-Kutta-Fehlberg fourth-fifth order method with shooting technique. Graphically results are presented and discussed for various parameters. Validation of the current method is proved by comparing our results with the existing results under limiting situations. It can be concluded that combined effect of Joule and viscous heating increases the temperature profile and thermal boundary layer thickness.
Introduction
It is renowned that the non-Newtonian liquids which are quite interesting in contradistinctive applications. The examples of such applications in clued plastics manufacturing, wire and blade coating, dying of paper and textile, polymer industries, food processing, drilling mud, clastomers, certain oils, greases and many others. Thus, the different types of non-Newtonian models are offered in the literature. The present fluid model is known as the Jeffrey fluid. This model is the linear viscoelastic fluid and has an advantage of Maxwell model because of its extra feature about the ratio of relaxation to retardation times. Andersson et al. [1] inspected the MHD flow of an electrically conducting power-law fluid over a stretching sheet in the presence of a uniform transverse magnetic field. Liao [2] approaches the analytic solutions of viscous flows of non-Newtonian fluids over a stretching sheet. The boundary layer flow and heat transfer characteristics of a non-Newtonian viscoelastic fluid over a flat sheet with a linear velocity in the presence of thermal radiation and non-uniform heat source has been carried out by Subhas and Mahesha [3] . The steady two-dimensional stagnation point flow of an incompressible micropolar fluid over a stretching sheet has been analyzed by Nazar et al. [4] . Bhatnagar et al. [5] studied the flow of an Oldroyd-B fluid occupying the space over an elastic sheet, due to the stretching of the sheet, in the presence of a constant freestream velocity. Cortell [6] considered a numerical study of the flow of an electrically conducting power-law fluid in the presence of a uniform transverse magnetic field.
Radiation heat transfer is also important role in forced and free convection flows, manufacturing of plastic and rubber sheets, glass blowing, metallurgical processes, crystal growing, drawing of continuous filaments through quiescent fluids, gas turbines, annealing and tinning of copper wires, continuous cooling and fiber spinning, design of reliable equipment's, nuclear plants, etc. Keeping all these applications in mind, many authors studied vari-ous research problems for the case of radiation heat transfer. Bataller [7] initiated the flow and heat transfer of an incompressible second-grade fluid over a non-isothermal stretching sheet in the presence of non-uniform internal heat generation/absorption. The boundary layer flow and heat transfer of viscoelastic fluid flow over stretching sheet in the presence of induced magnetic field and nonlinear thermal radiation have been transmitted by Animasaun et al. [8] . Siddheshwar and Mahabaleshwar [9] investigated the MHD flow and also heat transfer in a viscoelastic liquid over a stretching sheet in the presence of radiation. Aliakbar et al. [10] discussed the flow induced in a viscoelastic fluid by a linearly stretched sheet and assuming that the fluid is Maxwellian and the sheet is subjected to a transverse magnetic field. [11] [12] and [13] are some of the works associated with radiation heat transfer over a stretching sheet problem.
Viscous dissipation affects the heat transfer rate by playing a role like an energy source, which leads to affected rate of heat transfer. The merit of the effect of viscous dissipation depends on whether the plate is being cooled or heated. As the heat-treated materials traveling between a feed roll and wind-up roll or materials manufactured by extrusion, cooling of metallic sheets or electronic chips, glass-fiber and paper production. In view of all these aspects, Chiam [14] analyzed the problem on MHD heat transfer over a non-isothermal stretching sheet, taking into account the suction or blowing at the surface as well as the viscous dissipation and Joule effect. Cortell [15] performed the flow and heat transfer of boundary-layer flow of an electrically conducting fluid of second grade in presence of viscous dissipation. Mohammadein and Gorla [16] presented a boundary layer analysis to study the heat transfer characteristics of a laminar micropolar fluid over a linearly stretching, continuous surface with the effect of viscous dissipation and internal heat generation. The influence of thermal radiation and joule heating effects on MHD flow of an Oldroyd-b fluid with thermophoresis has been investigated by Hayat and Alsaedi [17] .
On the other hand, the Soret effect has been also utilized for isotope separation and in a mixture of gasses with very light molecular weight, such as H 2 or He, and of medium molecular weight, such as H 2 or air. In many studies Dufour and Soret effect are neglected, on the basis that they are of a smaller order of magnitude than the effects described by Fourier's and Fick's laws. Kafoussias and Williams [18] analyzed the thermal-diffusion and diffusion-thermo effects on mixed free-forced convective and mass transfer boundary layer flow with temperature dependent viscosity. Srinivasacharya and Kaladhar [19] discussed the mixed convection flow of couple stress fluid in a non-darcy porous medium with Soret and Dufour effects. Hayat et al. [20] initiated the Soret and Dufour effects on the magnetohydrodynamic (MHD) flow of Casson fluid. MHD three-dimensional boundary layer flow of Casson nanofluid past a linearly stretching sheet with convective boundary condition has been carried out by Sohail [21] . Sulochana et al. [22] examined the non-uniform heat source or sink effect on the flow of 3D Casson fluid in the presence of soret and thermal radiation. Anbuchezhian et al. [23] initiated thermophoresis and Brownian motion effects on boundary layer flow of nanofluid in the presence of thermal stratification due to solar energy.
In recent years, the importance of nanofluids have been simulated significantly because of their potential applications in industrial processes such as in chemical processes, heating or cooling processes, power generation and so on. Choi [24] instigated the concept of the nanofluid in the beginning. Nanofluid is a dilute suspension of base fluid and nanoparticles. To upgrade the thermal performance of the base fluid, an innovative technique of adding additives into the base fluid is applied. The problem of laminar fluid flow which results from the stretching of a flat surface in a nanofluid has been inspected by Khan and Pop [25] . Mustafa et al. [26] crossexamined the flow of a nanofluid near a stagnation point towards a stretching surface. Makinde et al. [27] measured the combined effects of buoyancy force, convective heating on stagnation-point flow and heat transfer due to nanofluid flow over a stretching sheet. [28] , [29] , [30] and [31] are some of them which are focused on nanofluids for both Newtonian and non-Newtonian fluid models.
In all the above-mentioned attempts, the flow is considered to be two-dimensional. Moreover, the flow past a stretching sheet need not be necessarily two-dimensional because the stretching of the sheet can take place in a variety of ways. With the theory proposed by Wang [32] on three-dimensional boundary layer flow induced by a stretching surface, Hayat et al. [33] inspected the MHD three-dimensional flow of nanofluid with velocity slip and nonlinear thermal radiation. Ahmad et al. [34] explored the influence of variable thermal conditions for the heat transfer analysis of a magnetohydrodynamic Maxwell fluid in a porous medium. Khan and Mustafa [35] investigated the MHD three-dimensional flow of upperconvected Maxwell (UCM) fluid over a bi-directional stretching surface by considering the Cattaneo-Christov heat flux model. The magnetohydrodynamic (MHD) threedimensional flow of Sisko nanofluid bounded by a surface stretched bi-directionally. The nanofluid model includes the Brownian motion and thermophoresis and heat transfer through convective condition have been hypothesized by Hayat et al. [36] . Ramzan and Bilal [37] determined the magnetohydrodynamic (MHD) three-dimensional flow of an elastico-viscous nanofluid under the influence of mass transfer and chemical reaction. Shehzad et al. [38] postulate the three-dimensional hydromagnetic flow of Jeffrey fluid with nanoparticles and flow is generated by a bidirectional stretching surface. Recent observations on threedimensional boundary layer flow of Jeffrey nanofluid are noted in Hayat et al. [39, 40] and Rudraswamy et al. [41] .
Even though, considerable progress has been made on three-dimensional flows of Jeffrey fluid over a linearly stretching surface in the presence of nonlinear thermal radiation, viscous dissipation, Joule heating, thermophoresis and Brownian motion effects. The governing systems of partial differential equations have been transformed to set of coupled ordinary differential equations by using suitable similarity transformations. The reduced equations are solved numerically. The pertinent parameters of Jeffery nanofluid are discussed through graphs and compare it with the tabulated results and plotted graphs. The present results are compared with the existing limiting solutions, showing good agreement with each other. 
Mathematical formulation
Consider a steady three-dimensional flow of an incompressible Jeffery fluid with suspended nanoparticles induced by bidirectional stretching surface at z = 0. The sheet is aligned with the xy-plane (z = 0) and the flow takes place in the domain z > 0. Let u = U w (x) = ax and v = V w (y) = by be the velocities of the stretching sheet along x and y directions respectively. A uniform magnetic field of strength B is applied in the z-direction. Heat and mass transfer characteristics are taken into account in the presence of nonlinear thermal radiation, Thermaldiffusion, Diffusion-thermo, Brownian motion and Thermophoresis effects. The thermophysical properties of the fluid are taken to be constant. The geometrical configuration of the present flow is shown in Fig. 1 .
The governing boundary layer equations of momentum, energy and concentration equations for threedimensional flow of Jeffry nanofluid can be written as,
The boundary conditions for the present flow analysis are,
where ν= μ ρ is the kinematic viscosity of the fluid, μ is the coefficient of fluid viscosity, ρ is the fluid density, λ 1 is the relaxation time, B is the magnetic field, σ is the electrical conductivity of the fluid, T is the fluid temperature, α=
is the thermal diffusivity of the fluid, k is the thermal conductivity. τ=
is the ratio of effective heat capacity of the nanoparticle material to heat capacity of the fluid, λ is the ratio of relaxation and retardation times, q r is the radiative heat flux, D B is the Brownian diffusion coefficient, D T is the thermophoretic diffusion coefficient, cs is the concentration susceptibility, k T is the thermal diffusion ratio, T m is the main fluid temperature, cp is the specific heat at constant pressure, T w and T∞ are the temperatures of the surface and far away from the surface. C is the concentration and C ∞ are the concentration far away from the surface. The subscript w denotes the wall condition.
Using the Rosseland approximation for radiation, radiation heat flux q r is simplified as,
where σ * and k * are the Stefan-Boltzmann constant and the mean absorption coefficient respectively. In view to equation (8), equation (4) reduces to
The momentum, energy and concentration equations can be transformed into the corresponding ordinary differential equations by the following similarity variables,
where T = T∞ 1 + (θw − 1 θ (η)), θw = Tw T∞ , θw > 1 being the temperature ratio parameter.
Then, we can see that equation (1) is automatically satisfied, and equations (2)-(7) are reduced as follows: 
The boundary conditions; will becomes:
where β=λ 1 a is the Deborah number, M = where
aν is the local Reynolds number.
Numerical Method
Equations (11) to (14) together with the boundary condition (15) from highly non-linear ordinary differential equations. In order to solve this nonlinear boundary value problem numerically by using Runge-Kutta-Fehlberg fourthfifth order method along with shooting technique. In accordance with the boundary layer analysis, the boundary condition (15) at η = ∞ were replaced by η = 6. Table 1 shows the comparison of the present result with the previous results of Wang [32] and Hayat et al. [39] for various values of c. It shows good agreement with each other.
Result and Discussion
Numerical solutions for the current flow problem are obtained and tabulated for varying dimensional parameters over different fields. Observations over these data with plotted graphs are discussed below. The dimensionless velocity, temperature and concentration profiles for different values of Deborah number (β) are sketched in Figures 2(a) , 2(b) and 2(c), respectively. It is noticed that β responds positively over velocity profiles and negatively over for both temperature and concentration profiles. This is due to the fact that, β is directly proportional to the retardation time. Thus, the effect of Deborah number gives rise to higher retardation time and the higher retardation time increases the fluid flow due to which an enhancement is observed in the velocity profile. Figure 3 (a) and 3(b) depicts the velocity profiles of f (η) and g (η) for different values of stretching parameter (c). The velocity f (η) and the thickness of associated boundary layer decrease when the ratio parameter increases while Figure 3(b) exhibits the opposite behavior for g (η). Figure 3 (c) and 3(d) demonstrate the effect of stretching ratio on both temperature profile and nanoparticle fraction respectively. It is observed that both the profiles downturn by the increase of stretching parameter. Figures 4(a) and 4(b) illustrate the influences of the ratio of relaxation to retardation times (λ) on the velocities profiles. From this figure we observed that the velocities f (η) and Figure 4 (c) represent the effect of λ on both temperature and concentration profile. Both temperature and concentration profile increases by increasing value of λ as well as corresponding boundary layer thickness also increases. Figure 5 portraits the effects of Brownian motion parameter (Nb) on temperature and concentration profile. The Brownian motion parameter increases random motion of the fluid particles and boundary layer thickness also increases which results in more heat to produce. Hence temperature profile increases and concentration profile decreases.
Effect of a magnetic parameter (M) on the velocity profiles f (η) and g (η) illustrated in Figure 6 (a) and 6(b). Here M = 0 corresponds to the hydrodynamic flow and M > is for hydromagnetic flow. From these figures, it is observed that with the increase in the magnetic parameter, i.e. ratio of electromagnetic force to the viscous force, the velocity field decreases. This is due to the fact that, the Lorentz [30] and Hayat et al. [37] .
Wang [30]
Hayatet et al. [37] Present result force appeared in hydromagnetic flow due to presence of magnetic parameter. We know that, the Lorentz force is stronger corresponding to larger magnetic parameter due to which enhances the temperature and thermal boundary layer. As the value of M increases, the retarding force increases and consequently the velocity decreases. But in the case of temperature and concentration profiles it exhibit opposite behavior of velocity profiles. shown in Figure 6 (c) and 6(d).
The effects of the thermophoresis parameter (Nt) on θ(η) and ϕ(η) can be seen in Figure 7 (a) and 7(b). An increase in the values of thermophoresis parameter increases both θ(η) and ϕ(η) profiles. Thermal boundary layer thickness is higher for larger values of thermophore- sis parameter. It is a mechanism in which small particles are pulled away from the hot surface to a cold one. As a result, it raises the temperature and concentration of the fluid. Figure 8 (a) shows the effect of Dufour parameter (Df ) for temperature profile. An uplifting the values of Dufour parameter increases the temperature profile and corresponding boundary layer thickness. The effects of the Prandtl number (Pr) on θ(η) can be seen in Figure 8(b) . Since Pr is the ratio of the viscous diffusion rate to the thermal diffusion rate, higher value of Prandtl number causes to reduce the thermal diffusivity. Consequently, for increasing values of Pr temperature profile decreases. Figure 9 (a) and 9(b) represents the effect of temperature ratio parameter and radiation for temperature profile respectively. Temperature profile and thermal boundary layer thickness are enhanced by increasing the values of radiation parameter (R) and temperature ratio (θ w). This is due to the fact that larger values of radiation parameter provide more heat to working fluid that shows an enhancement in the temperature field. The thermal boundary layer thickness also shows a positive response for an increasing R. Figure 10 (a) and 10(b) are plotted to show the temperature distributions for contrasting values of Eckert numbers. It is observed that both thermal boundary layer thickness increase for increasing value of Eckert numbers. This is due to the presence of viscous dissipation in the en- ergy equation which acts as an internal heat source that increases the thermal energy and thus heat the regime. Figure 11 (a) illustrates the influences of the Soret (Sr) parameter on the concentration profile. It is observed that the nanoparticles concentration and associated thermal boundary layer thickness are enhanced by increasing Soret parameter. The impact of Lewis number (Le) on concentration profile is shown in Figure 11 (b). It is evident that higher values of Lewis number cause a reduction in concentration distribution. Lewis number depends on the Brownian diffusion coefficient. Larger Lewis number leads to the lower Brownian diffusion coefficient, which shows a weaker nanoparticle concentration.
Influence of Le and Ec x on Nusselt number is sketched in Figure 12 
Conclusion
In the present analysis, effect of viscous dissipation and Joule heating in three-dimensional flow of Jeffrey nano fluid in the presence of nonlinear thermal radiation is performed numerically. Effects of various parameters are studied graphically. The main points of the present simulations are listed as follows:
Magnetic field and ratio of relaxation time to retardation parameter reduce the velocity profiles in both the directions. -
The impacts of the Brownian motion parameter on the temperature and concentration fields are quite opposite.
The concentration profile and corresponding boundary layer thickness increases with an increasing values of Sr -The velocity profile f (η) decrease with the increase of the parameter c but velocity profile g (η) is quite opposite when the parameters c increase.
-
The rate of heat transfer increases with the increases in parameters Rd, Df and θ w while decreases when Pr increase. -A raise in the value of Deborah number enhances the momentum boundary layer thickness in both x− and y−directions and depreciates the heat transfer rate. Thus coolants with small Deborah number are best suitable for cooling heated sheets. - We also noticed that the nanoparticle concentration and its associated boundary layer thickness are decreased when we gradually increase the values of Lewis number. -
The combined effects of Joule heating and viscous dissipation increase the temperature profile and thermal boundary layer thickness. -Nonlinear thermal radiation should be kept minimum to use it as a coolant factor.
